A k-uniform semi-algebraic hypergraph H is a pair (P, E), where P is a subset of R d and E is a collection of k-tuples {p 1 , . . . , p k } ⊂ P such that (p 1 , . . . , p k ) ∈ E if and only if the kd coordinates of the p i -s satisfy a boolean combination of a finite number of polynomial inequalities. The complexity of H can be measured by the number and the degrees of these inequalities and the number of variables (coordinates) kd. Several classical results in extremal hypergraph theory can be substantially improved when restricted to semi-algebraic hypergraphs.
Introduction
A k-uniform hypergraph H = (P, E) consists of a vertex set P and an edge set (or hyperedge set) E, which is a collection of k-element subsets of P . A hypergraph is k-partite if it is k-uniform and its vertex set P is partitioned into k parts, P = P 1 ∪ . . . ∪ P k , such that every edge has precisely one vertex in each part. It follows from a classical theorem of Erdős [17] , which was one of the starting points in extremal hypergraph theory, that if |P 1 | = . . . = |P k | and |E| ≥ εΠ k i=1 |P i | for some ε > 0, then one can find subsets P i ⊂ P i such that
, and P 1 × · · · × P k ⊂ E. In other words, H contains a large complete k-partite subhypergraph. For graphs (k = 2), this was already shown in [31] . It turns out that much larger complete k-partite subhypergraphs can be found in hypergraphs that admit a simple algebraic description. To make this statement precise, we need some terminology.
Semi-algebraic setting. A k-partite hypergraph H = (P 1 ∪ . . . ∪ P k , E) is called semi-algebraic in R d , if its vertices are points in R d , and there are polynomials f 1 , . . . , f t ∈ R[x 1 , . . . , x kd ] and a Boolean function Φ such that for every p i ∈ P i (i = 1, . . . , k), we have (p 1 , . . . , p k ) ∈ E ⇔ Φ(f 1 (p 1 , . . . , p k ) ≥ 0; . . . ; f t (p 1 , . . . , p k ) ≥ 0) = 1.
At the evaluation of f j (p 1 , . . . , p k ), we substitute the variables x 1 , . . . , x k with the coordinates of p 1 , the variables x k+1 , . . . , x 2k with the coordinates of p 2 , etc. We say that H has complexity (t, D) if each polynomial f j with 1 ≤ j ≤ t has the property that for any fixed k − 1 points q 1 , . . . , q k−1 ∈ R d , the d-variate polynomials h j,1 (x 1 ) = f j (x 1 , q 1 , . . . , q k−1 ), h j,2 (x 2 ) = f j (q 1 , x 2 , q 2 , . . . , q k−1 ), . . .
are of degree at most D (in notation, deg(h j,i ) ≤ D for 1 ≤ j ≤ t and 1 ≤ i ≤ k). It follows that deg(f j ) ≤ kD for every j.
If our k-uniform hypergraph H = (P, E) is a priori not k-partite, we fix an enumeration p 1 , p 2 , . . . of the elements of P ⊂ R d , and we say that H is semi-algebraic with complexity (t, D) if for every 1 ≤ i 1 < · · · < i k ≤ n,
where Φ is a Boolean function and f 1 , . . . , f t are polynomials satisfying the same properties as above.
Density theorem for semi-algebraic hypergraphs. Fox et al. [19] showed that there exists a constant c = c(k, d, t, D) > 0 with the following property. Let (P 1 ∪ . . . ∪ P k , E) be any kpartite semi-algebraic hypergraph in R d with complexity (t, D), and suppose that |E| ≥ εΠ k i=1 |P i |.
Then one can find subsets P i ⊂ P i , 1 ≤ i ≤ k, with |P i | ≥ ε c |P i | which induce a complete kpartite subhypergraph, that is, P 1 × . . . × P k ⊂ E. The original proof gives a poor upper bound on c(k, d, t, D), which is tower-type in k. Combining a result of Bukh and Hubard [11] with a variational argument of Komlós [30] , [33] , the dependence on k can be improved to double exponential. Our following result, which will be proved in Section 2, reduces this bound to single exponential in k.
Theorem 1.1. For any positive integers d, t, D, there exists a constant C = C(d, t, D) with the following property. Let ε > 0 and let H = (P 1 ∪ . . . ∪ P k , E) be any k-partite semi-algebraic hypergraph in R d with complexity (t, D) and |E| ≥ εΠ k i=1 |P i |. Then one can choose subsets P i ⊂ P i , 1 ≤ i ≤ k, such that
and P 1 × . . . × P k ⊆ E. Moreover, we can take C = 2 20m log(m+1) t m/k , where m = d+D d − 1.
In many applications, the dependency on the dimension d also becomes crucial. This is typically the case for relations that have complexity (t, 1) (i.e., when D = 1).
Substituting D = 1 in Theorem 1.1, we obtain the following.
Corollary 1.2. Let ε > 0 and let H = (P 1 ∪ . . . ∪ P k , E) be a k-partite semi-algebraic hypergraph in R d with complexity (t, 1) and |E| ≥ εΠ k i=1 |P i |. Then one can choose subsets P i ⊂ P i , 1 ≤ i ≤ k, such that |P i | ≥ ε d+1 2 20kd log(d+1) t d |P i |, and P 1 × · · · × P k ⊆ E.
Polynomial regularity lemma for semi-algebraic hypergraphs. Szemerédi's regularity lemma is one of the most powerful tools in modern combinatorics. In its simplest version [41] it gives a rough structural characterization of all graphs. A partition is called equitable if any two parts differ in size by at most one. According to the lemma, for every ε > 0 there is K = K(ε) such that every graph has an equitable vertex partition into at most K parts such that all but at most an ε fraction of the pairs of parts behave "regularly". 1 The dependence of K on 1/ε is notoriously bad. It follows from the proof that K(ε) may be taken to be of an exponential tower of 2-s of height ε −O(1) . Gowers [25] used a probabilistic construction to show that such an enormous bound is indeed necessary. Consult [15] , [34] , [20] for other proofs that improve on various aspects of the result. Szemerédi's regularity lemma was extended to k-uniform hypergraphs by Gowers [24, 26] and by Nagle, Rödl, Schacht, and Skokan [35] . The bounds on the number of parts go up in the Ackermann hierarchy, as k increases. This is quite unfortunate, because in property testing and in other algorithmic applications of the regularity lemma this parameter has a negative impact on the efficiency.
Alon et al. [3] (for k = 2) and Fox et al. [19] (for k > 2) established an "almost perfect" regularity lemma for k-uniform semi-algebraic hypergraphs H = (P, E). According to this, P has 1 For a pair (Pi, Pj) of vertex subsets, e(Pi, Pj) denotes the number of edges in the graph running between Pi and Pj. The density d(Pi, Pj) is defined as
. The pair (Pi, Pj) is called ε-regular if for all P i ⊂ Pi and P j ⊂ Pj with |P i | ≥ ε|Pi| and |P j | ≥ ε|Pj|, we have |d(
an equitable partition such that all but at most an ε-fraction of the k-tuples of parts (P i 1 , . . . , P i k ) behave not only regularly, but homogeneously in the sense that either
The proof is essentially qualitative: it gives a very poor estimate for the number of parts in such a partition.
In Section 4, we deduce a much better quantitative form of this result, showing that the number of parts can be taken to be polynomial in 1/ε. Theorem 1.3. For any positive integers k, d, t, D there exists a constant c = c(k, d, t, D) > 0 with the following property. Let 0 < ε < 1/2 and let H = (P, E) be a k-uniform semi-algebraic hypergraph in R d with complexity (t, D). Then P has an equitable partition P = P 1 ∪ · · · ∪ P K into at most K ≤ (1/ε) c parts such that all but an ε-fraction of the k-tuples of parts are homogeneous.
See [16] , for other favorable Ramsey-type properties of semi-algebraic sets.
Geometric applications. In Section 3, we prove three geometric applications of Corollary 1.2.
1. Same-type lemma. Let P = (p 1 , . . . , p n ) be an n-element point sequence in R d in general position, i.e., assume that no d + 1 points lie in a common hyperplane. For 
The order-type of P = (p 1 , p 2 , . . . , p n ) is the mapping χ : P d+1 → {+1, −1} (positive orientation, negative orientation), assigning each (d + 1)-tuple of P its orientation. Therefore, two n-element point sequences P and Q have the same order-type if they are "combinatorially equivalent." See [33] and [22] for more background on order-types.
Let (P 1 , . . . , P k ) be a k-tuple of finite sets in R d . A transversal of (P 1 , . . . , P k ) is a k-tuple (p 1 , . . . , p k ) such that p i ∈ P i for all i. We say that (P 1 , . . . , P k ) has same-type transversals if all of its transversals have the same order-type. Bárány and Valtr [9] showed that for d, k > 1, there exists a c = c(d, k) such that the following holds. Let P 1 , . . . , P k be finite sets in R d such that P 1 ∪ · · · ∪ P k is in general position. Then there are subsets P 1 ⊂ P 1 , . . . , P k ⊂ P k such that the k-tuple (P 1 , . . . , P k ) has same-type transversals and
We make the following improvement.
Then there are subsets P 1 ⊂ P 1 , . . . , P k ⊂ P k such that the k-tuple (P 1 , . . . , P k ) has same-type transversals and
for all i.
2. Homogeneous selections from hyperplanes. Bárány and Pach [8] proved that for every integer d ≥ 2, there is a constant c = c(d) > 0 with the following property. Given finite families
The proof gives that one can take c(d) = 2 −(d+1)2 d , because they showed that c(d) = c(d, d + 2) will meet the requirements, where c(d, k) denotes the constant defined above for same-type transversals. Thus, Theorem 1.4 immediately implies the following improvement.
3. Tverberg-type result for simplices. In 1998, Pach [36] showed that for all natural numbers d, there exists c = c (d) with the following property. Let P 1 , P 2 , . . . , P d+1 ⊂ R d be disjoint n-element point sets with P 1 ∪ · · · ∪ P d+1 in general position. Then there is a point q ∈ R d and subsets
such that all closed simplices with one vertex from
. Recently Kyncl et al. [32] improved this
Here we make the following improvement. Theorem 1.6. Let P 1 , P 2 , . . . , P d+1 ⊂ R d be disjoint n-element point sets with P 1 ∪ · · · ∪ P d+1 in general position. Then there is a point q ∈ R d and subsets P 1 ⊂ P 1 , . . . , P d+1 ⊂ P d+1 , with
such that all closed simplices with one vertex from each P i contains q.
Algorithmic applications: Property testing In Section 5, we apply the polynomial regularity lemma (Theorem 1.3) to property testing. We show that for any typical hereditary hypergraph property Q, there is a randomized algorithm with query complexity (1/ε) c(Q) to determine (with probability at least .99) whether a k-uniform semi-algebraic hypergraph H = (P, E) is ε-near to having property Q, that is, whether one can change at most ε|P | k hyperedges of H in order to obtain a hypergraph that has the property. The exact statement shows that the query complexity is for every property, polynomial in a natural function of that property, which one typically expects to be polynomial. For background and precise results, see Section 5.
Organization. The rest of this paper is organized as follows. In the next section, we prove Theorem 1.1, giving a quantitative density theorem for k-uniform hypergraphs. In Section 3, we prove several applications of this result. In Section 4, we prove the quantitative regularity lemma for semi-algebraic hypergraphs. In Section 5, we establish three results about property testing
Li passes through the origin, any d elements have precisely one point in common, and no d + 1 of them have a nonempty intersection.
within semi-algebraic hypergraphs, Theorems 5.1, 5.2, and 5.5 , showing that it can be efficiently tested whether a semi-algebraic hypergraph of bounded complexity has a given hereditary property.
We systemically omit floor and ceiling signs whenever they are not crucial for the sake of clarity of presentation. We also do not make any serious attempt to optimize absolute constants in our statements and proofs.
2 Proof of Theorem 1.1.
Let H = (P, E) be a semi-algebraic k-uniform hypergraph in d-space with complexity (t, D), where P = {p 1 , . . . , p n }. Then there exists a semi-algebraic set 
Then φ maps each surface
Clearly we have the following.
Given a relatively open generalized simplex ∆ ⊂ R m , we say that a hyperplane h * ⊂ R m crosses ∆ if it intersects ∆ but does not contain it. Let us recall an old lemma due to Chazelle and Friedman (see also [14] ).
Lemma 2.2 ([13]).
For m ≥ 1, let L be a set of n hyperplanes in R m , and let r be an integer, 1 < r ≤ n. Then there is a subdivision of R m into at most 2 10m log(m+1) r m relatively open generalized simplices ∆ i , such that each ∆ i is crossed by at most n/r hyperplanes of L.
The main tool used in the proof of Theorem 1.1 is the following result on bipartite semi-algebraic graphs (k = 2) with point sets in different dimensions. A very similar result was obtained by Alon et al. (see Section 6 in [3] ). Let G = (P, Q, E) be a bipartite semi-algebraic graph, where
, and E ⊂ P × Q has complexity (t, D). Hence there are polynomials f 1 , f 2 , . . . , f t and a boolean formula Φ such that the semi-algebraic set
For any point p ∈ P , the Veronese mapping φ maps the surface
Lemma 2.3. Let G = (P, Q, E) be as above with |E| ≥ ε|P ||Q|. Then there are subsets P ⊂ P and Q ⊂ Q such that
Proof. Let S be the set of (at most) t|P | surfaces in
Then let L be the set of t|P | hyperplanes in R m that corresponds to the surfaces in S.
Let r > 1 be an integer that will be determined later. By Lemma 2.2, there is a subdivision of R m into at most 2 10m log(m+1) r m relatively open generalized simplices ∆ i , such that each ∆ i is crossed by at most t|P |/r hyperplanes from L. We define
then we discard all edges in E that are incident to vertices in Q i . By Lemma 2.2, we have removed at most
edges. Let E 1 be the set of remaining edges. Hence,
We define P i ⊂ P to be the set of points in P such that p ∈ P i if and only if p is adjacent to all points in Q i (with respect to E 1 ) and all t hyperplanes f j (p, x) = 0, 1 ≤ j ≤ t, in R m do not cross the simplex ∆ i . By Lemma 2.2, we know that at most t|P |/r points in P gives rise to a hyperplane that crosses ∆ i for each i.
Hence there exists a P j such that |P j | ≥ (ε/8)|P |, since otherwise
For r = 8t/ε, this implies |E 1 | < (ε/4)|P ||Q| which is a contradiction. Therefore we have subsets P j ⊂ P and Q j ⊂ Q such that |P j | ≥ (ε/8)|P | and P j × Q j ⊂ E 1 . By construction of E 1 and for r = 8t/ε, we have
This completes the proof.
We are now ready to prove Theorem 1.1.
− 1, we will show that there are subsets
and P 1 × · · · × P k ⊂ E. This would suffice to prove the statement. We proceed by induction on k. The base case k = 2 follows from Lemma 2.3. Now assume that the statement holds for k < k.
Since E is semi-algebraic with complexity (t, D), there are polynomials f 1 , . . . , f t and a Boolean formula Φ such that the semi-algebraic set
has the property that
, and let G = (Q, P k , E) be the bipartite semi-algebraic graph with relation E. Just as above, we let φ :
. . , p * ∈ R m be the vertices of ∆, where ≤ m + 1. We define
Next we need to check that the complexity of E 1 is not too high. In order to do this, we define relations E 2 , E 3 ⊂ P 1 × · · · × P k−1 as follows. Fix a point q ∈ P k , and let
Since the relation E has complexity (t, D), the relation E 2 is semi-algebraic with complexity (t, D).
We define the relation 
Then there is a Boolean formula Φ 3 such that the semi-algebraic set
, and E 3 has complexity (t , D). Notice that if (p 1 , . . . , p k−1 ) ∈ E 3 , then by Observation 2.1, the sign pattern
and E 1 has complexity (t+t , D). Since ≤ m+1, E 1 has complexity (t(m+2), D). By construction of Q , we have
By applying induction hypothesis on the (k−1)-partite semi-algebraic hypergraph
and P 1 × · · · × P k−1 ⊂ E 1 . By definition of E 1 and by construction of P k , we have P 1 × · · · × P k ⊂ E, and this completes the proof.
Applications of Corollary 1.2.
In this section, we give three applications of Corollary 1.2.
Same-type lemma
Proof of Theorem 1.4. Let P 1 , . . . , P k be finite point sets in R d such that P = P 1 ∪ · · · ∪ P k is in general position. By a result of Goodman and Pollack (see [23] and [22] ), the number of different order-types of k-element point sets in d dimensions is at most k O(d 2 k) . By the pigeonhole principle, there is an order-type π such that at least
. . , P k ) have order-type π. We define the relation E ⊂ P 1 × · · · × P k , where (p 1 , .., p k ) ∈ E if and only if (p 1 , .., p k ) has order-type π. Next we need to check that the complexity of E is not too high.
We can check to see if (p 1 , . . . , p k ) has order-type π by simply checking the orientation of every (d + 1)-tuple of (p 1 , . . . , p k ). More specifically, for
Then there exists a Boolean formula Φ, such that the semi-algebraic set
which is defined by the
Hence the complexity of E is k d+1 , 1 . Therefore we can apply Corollary 1.2 to the k-partite semi-algebraic hypergraph H = (P, E) with ε = k −O(d 2 k) and t = k d+1 to obtain subsets P 1 ⊂ P 1 , . . . , P k ⊂ P k such that (P 1 , . . . , P k ) has same-type transversals (each transversal has order-type π), and
A Tverberg-type result
The proof of Theorem 1.6 requires the following due to Karasev [29] (see also Theorem 4 in [32] ).
Lemma 3.1 ([29]
). Let P 1 , . . . , P d+1 ⊂ R d be disjoint n-element point sets with P 1 ∪ · · · ∪ P d+1 in general position. Then there is a point q ∈ R d which is contained in the interior of at least
rainbow simplices, where a rainbow simplex is a simplex generated by selecting one point from each P i .
Proof of Theorem 1.6. We may assume n = 2 Ω(d 2 log d) as otherwise we can take p i ∈ P i , P i = {p i }, and q to be any point in the simplex with vertices p 1 , . . . , p d+1 . Let P 1 , . . . , P d+1 be disjoint n-element point sets with P 1 ∪ · · · ∪ P d+1 in general position. If a simplex has one vertex in each P i , then we call it rainbow. Hence the number of rainbow simplices is N = n d+1 .
By Lemma 3.1, there is a point q contained in the interior of at least
We define H = (P, E) to be the (d + 1)-partite semi-algebraic hypergraph, where where (p 1 , . . . , p d+1 ) ∈ E if and only if q ∈ conv(p 1 ∪ · · · ∪ p d+1 ). Next we need to check that the complexity of E is not too high.
To see if q ∈ conv(p 1 ∪ · · · ∪ p d+1 ), we just need to check that the points q and p j lie on the same side of the hyperplane spanned by the d-tuple (p 1 , . . . , p j−1 , p j+1 , . . . , p d+1 ), for each 1 ≤ j ≤ d + 1. More specifically, for
Then there exists a Boolean formula Φ such that the semi-algebraic set
Hence E has complexity (2(d + 1), 1), and
Hence we can apply Corollary 1.2 to H = (P, E) with ε = 1/(d + 1)! and t = 2(d + 1), to obtain subsets P 1 ⊂ P 1 , . . . , P d+1 ⊂ P d+1 such that
Regularity lemma for semi-algebraic hypergraphs
In this section, we will prove Theorem 4. 
We say that a semi-algebraic set in d-space has description complexity at most κ if the number of inequalities is at most κ, and each polynomial f i has degree at most κ. By setting ε = 1/2 in Theorem 1.1, we obtain the following Ramsey-type result due to Fox, Gromov et al., see also Bukh and Hubard for another proof.
Lemma 4.1 (Theorem 18 in [11] ). Let H = (P, E) be a k-partite semi-algebraic hypergraph in d-space, where P = P 1 ∪ · · · ∪ P k , E ⊂ P 1 × · · · × P k , and E has complexity (t, D). Then there exists a δ = δ(k, d, t, D) and subsets
and (P 1 , . . . , P k ) is homogeneous, i.e., either complete or empty. Moreover, there are semi-algebraic sets ∆ 1 , . . . , ∆ k ⊂ R d such that ∆ i has complexity κ, where κ = κ(d, t, D), and
While the above lemma in [19] and [11] does not explicitly state that the constructed P i is the intersection of P i with a semi-algebraic set of low complexity, the proof is easily seen to give this.
We note that Theorem 18 in [11] and Theorem 8.1 in [19] does not include the statement that there are semi-algebraic sets ∆ 1 , . . . , ∆ k ⊂ R d such that P i = P i ∩ ∆ i for all i. However their proof, as well as the proof of Theorem 1.1 in Section 2, shows that such semi-algebraic sets exist.
We will first prove the following variant of Theorem 1.3, from which Theorem 1.3 quickly follows.
Theorem 4.2. For any ε > 0, the vertex set of any semi-algebraic k-uniform hypergraph H = (P, E) in d-space with complexity (t, D), can be partitioned into K ≤ (1/ε) c parts P = P 1 ∪· · ·∪P K , where c = c(k, d, t, D), such that
where the sum is taken over all k-tuples (j 1 , . . . , j k ) such that (P j 1 , . . . , P j k ) is not homogeneous.
Proof. Let ε > 0 and H = (P, E) be an n-vertex k-uniform semi-algebraic hypergraph with complexity (t, D) in d-space. For integer r ≥ 0, we will recursively define a partition P r on P k = P × · · · × P into at most 2 kr parts of the form
. . , p k ) lie in a part X 1 × · · · × X k with the property that (X 1 , . . . , X k ) is not homogeneous. Note that δ is defined in Lemma 4.1. Also for each r ≥ 0, we will inductively define a collection F r of semi-algebraic sets, each set with complexity at most c = c(d, t, D), such that |F r | ≤ r j=0 2 kj , and for each part X 1 × · · · × X k in P r , there are subcollections S 1 , . . . , S k ⊂ F r such that
Note that c = c(d, t, D) is defined in Lemma 4.1. Given such a partition P r , a k-tuple (p 1 , . . . , p k ) ∈ P × · · · × P is called bad if (p 1 , . . . , p k ) lies in a part X 1 × · · · × X k in P r , for which (X 1 , . . . , X k ) is not homogeneous.
We start with P 0 = {P × · · · × P } and F 0 = {R d }, which satisfies the base case r = 0. After obtaining P i and F i , we define P i+1 and F i+1 as follows. Let X 1 × · · · × X k be a part in the partition P i . Then if (X 1 , . . . , X k ) is homogeneous, we put
Hence we apply Lemma 4.1 on (X 1 , . . . , X k ) to obtain subsets X 1 ⊂ X 1 ,. . . ,X k ⊂ X k and semialgebraic sets ∆ 1 , ...., ∆ k with the properties described above. Then we partition X 1 × · · · × X k into 2 k parts Z 1 × · · · × Z k where Z i ∈ {X i , X i \ X i } for 1 ≤ i ≤ k, and put these parts into P i+1 . The collection F i+1 will consist of all semi-algebraic sets from F i , plus all semi-algebraic sets ∆ 1 , . . . , ∆ k , R d \ ∆ 1 , . . . , R d \ ∆ k that was obtained after applying Lemma 4.1 to each part X 1 × · · · × X k in P r for which (X 1 , . . . , X k ) is not homogeneous.
By the induction hypothesis, the number of bad k-tuples (p 1 , . . . , p k ) in P i+1 is at most
The number of parts in P i+1 is at most 2 k ·2 ki = 2 k(i+1) , and
j=0 2 kj . By the induction hypothesis, for any part X 1 × · · · × X k in P i+1 such that X 1 × · · · × X k was also in P i , there are subcollections S 1 , . . . , S k ⊂ F i such that
. . , ∆ k be the semi-algebraic sets obtained when applying Lemma 4.1 to Y 1 × · · · × Y k . By the induction hypothesis, we know that there are subcollections S 1 , . . . , S k ⊂ F i such that
We have therefore obtained our desired partition P i+1 on P × · · · × P , and collection F i+1 of semi-algebraic sets.
At step r = log ε log(1−δ k )
, there are at most ε|P | k bad k-tuples (p 1 , . . . , p k ) in partition P r . The number of parts of P r is at most (1/ε) c 1 and |F r | ≤ (1/ε) c 2 , where
Finally, we partition the vertex set P into K parts, P 1 , P 2 , . . . , P K , such that two vertices are in the same part if and only if every member of F r contains both or neither of them. Since F r consists of at most (1/ε) c 2 semi-algebraic sets, and each set has complexity at most c = c (k, d, t, D) , we have K ≤ (1/ε) c 3 where c 3 = c 3 (k, d, t, D ) (see Theorem 6.2.1 in [33] ). Now we just need to show that
where the sum is taken over all k-tuples (j 1 , . . . ,
is not homogeneous. It suffices to show that for a k-tuple (j 1 , . . . , j k ), if (P j 1 , . . . , P j k ) is not homogeneous, then all k-tuples (p 1 , . . . , p k ) ∈ P j 1 × · · · × P j k are bad in the partition P r . For the sake of contradiction, suppose (P j 1 , . . . , P j k ) is not homogeneous, and the k-tuple (p 1 , . . . , p k ) ∈ P j 1 × · · · × P j k is not a bad k-tuple. Then there is a part X 1 × · · · × X k in the partition P r such that p i ∈ X i for all i, and (X 1 , . . . , X k ) is homogeneous. Hence there are subcollections S 1 , . . . , S k ⊂ F r such that
However, by construction of P j 1 , . . . , P j k , this implies that P j i ⊂ X i for all i, and we have a contradiction. Therefore, we have obtained our desired partition P 1 , P 2 , . . . , P K .
Proof of Theorem 1.3. Apply Theorem 4.2 with approximation parameter ε/2. So there is a partition Q :
where the sum is taken over all k-tuples (i 1 , . . . , i k ) such that (Q i 1 , . . . , Q i k ) is not homogeneous.
Let K = 4kε −1 K . Partition each part Q i into parts of size |P |/K and possibly one additional part of size less than |P |/K. Collect these additional parts and divide them into parts of size |P |/K to obtain an equitable partition P : P = P 1 ∪ · · · ∪ P K into K parts. The number of vertices of P which are in parts P i that are not contained in a part of Q is at most K |P |/K. Hence, the fraction of k-tuples P i 1 × · · · × P i k and not all P i 1 , . . . , P i k are subsets of parts of Q is at most kK /K = ε/4. As ε/2 + ε/4 < ε, we obtain that less than an ε-fraction of the k-tuples of parts of P are not homogeneous, which completes the proof.
Property testing in semi-algebraic hypergraphs
The goal of property testing is to quickly distinguish between objects that satisfy a property from objects that are far from satisfying that property. This is an active area of computer science which was initiated by Rubinfeld and Sudan [40] . Subsequently, Goldreich, Goldwasser, and Ron [21] started the investigation of property testers for combinatorial objects.
Graph property testing in particular has attracted a great deal of attention. A property P is a family of graphs closed under isomorphism. A graph G with n vertices is -far from satisfying P if one must add or delete at least n 2 edges in order to turn G into a graph satisfying P.
Let F be a family of graphs. An -tester for P with respect to F is a randomized algorithm, which given n and the ability to check whether there is an edge between a given pair of vertices, distinguishes with probability at least 2/3 between the cases G satisfies P and G is -far from satisfying P, for every G ∈ F. Such an -tester is one-sided if, whenever G ∈ F satisfies P, the -tester determines this with probability 1. A property P is strongly testable with respect to F if for every fixed > 0 there exists a one-sided -tester for P with respect to F whose query complexity is bounded only by a function of , which is independent of the size of the input graph. Property P is easily testable with respect to F if it is strongly testable with a one-sided -tester whose query complexity is polynomial in −1 , and otherwise call P hard with respect to F. In classical complexity theory, an algorithm whose running time is polynomial in the input size is considered fast, and otherwise slow. This provides a nice analogue of polynomial time algorithms for property testing.
A very general result in graph property testing of Alon and Shapira [6] states that every hereditary family P of graphs is strongly testable. Unfortunately, the bounds on the query complexity this proof give are quite enormous. They are based on the strong regularity lemma, which gives wowzer-type bounds. 3 Even the recently improved bound by Conlon and Fox [15] still gives a tower-type bound. 4 Also, it is known that many properties are not easily testable (see [1, 2, 4] ). The result of Alon and Shapira was extended to hypergraphs by Rödl and Schacht [39] ; see also the work of Austin and Tao [7] . These give even worse, Ackermann-type bounds.
Here we give an application of the quantitative semi-algebraic regularity lemma, Theorem 1.3, to show how to easily test (typical) hereditary properties with respect to semi-algebraic graphs of constant description complexity. This gives yet another example of how semi-algebraic graphs are more nicely behaved then general graphs. We further prove hypergraph variants of this result.
In the first subsection, we prove the simplest case, that of testing monotone hypergraph properties. We then discuss and prove a result about easily testing hereditary properties of graphs. We then conclude with a discussion and proof of a result on easily testing hypergraph hereditary properties. All hypergraphs we consider in this section are assumed to be k-uniform.
Testing monotone properties
Let P be a monotone property of hypergraphs, and H be the family of minimal forbidden hypergraphs for P. That is H ∈ H if H ∈ P, but every proper subhypergraph of H is in P. We say that a hypergraph H has a homomorphism to another hypergraph R, and write H → R, if there is a mapping f : V (H) → V (R) such that every edge of H maps to an edge of R.
We let H r denote the family of hypergraphs R on at most r vertices for which there is a graph H ∈ H with H → R. Define
The following result implies that we can easily test every monotone property P whose corresponding function Ψ 1 (H, r) grows at most polynomially in r. A simple example in which Ψ 1 (H, r) is constant is the case that the property P is H-freeness for a fixed graph H, i.e., P is the family of k-uniform hypergraphs which do not contain H as a subgraph.
Theorem 5.1. Let P be a monotone property of hypergraphs, and H be the family of minimal forbidden hypergraphs for P. Within the family A of semi-algebraic hypergraphs in d-space with description complexity (t, D), the property P can be -tested with vertex query complexity at most 8rΨ 1 (H, r) , where r = (1/ ) c with c = c(k, d, t, D) is the number of parts in the algebraic regularity lemma for hypergraphs as in Theorem 1.3.
Proof. Let s = Ψ 1 (H, r) and v = 8rs. Consider the tester which samples v vertices from a hypergraph A ∈ A. It accepts if the induced subhypergraph on these v vertices has property P and rejects otherwise. It suffices to show that if A ∈ A is -far from satisfying P, then with probability at least 2/3, the tester will reject.
Consider an equitable partition Q : V (A) = V 1 ∪ . . . ∪ V r of the vertex set of A guaranteed by Theorem 1.3 such that all but at most an -fraction of the k-tuples of parts are homogeneous. Let r = |Q| be the number of parts of the partition, so r ≤ r. Delete all edges of A whose vertices go between parts which are not complete. By the almost homogeneous property of the partition, at most an -fraction of the edges are deleted. Let A denote the resulting subhypergraph of A. As P is monotone, if A ∈ P, then A ∈ P. Let R be the hypergraph on [r ], one for each part of Q, and a k-tuple (i 1 , . . . , i k ) of vertices of R forms an edge if and only if the corresponding k-tuple V i 1 , . . . , V i k of parts are complete in A (and hence in A as well). If R ∈ H r , then every hypergraph which has a homomorphism to R is in P and hence A ∈ P. However, at most an -fraction of the k-tuples are deleted from A to obtain A , and so A is not -far from satisfying P, contradicting the assumption. Hence, R ∈ H r . Since R ∈ H r , there is a hypergraph H ∈ H on at most s = Ψ 1 (H, r) vertices with H → R. Consider such a homomorphism f : V (H) → V (R), and let a i = |f −1 (i)|. If the sampled v vertices contains at least a i vertices in V i for each i, then H is a subgraph of the sampled vertices and hence the sampled vertices does not have property P.
So we need to estimate the probability of the event that the sampled v vertices contains a i vertices in V i for each i. For a particular i, the probability that the sampled v vertices contains fewer than a = a i vertices in V i is 0 if a = 0 and is otherwise
where in the last inequality we use that a < s. Taking the union bound and summing over all i, the probability that the sampled v vertices does not contain a i vertices in V i for at least one i is at most s × 1/(4s) = 1/4. This completes the proof.
Testing hereditary properties of graphs
We next state and prove a result which shows that hereditary properties of graphs are easily testable within semi-algebraic graphs. For a graph H and a graph R on [r ] with loops, there is an induced homomorphism from H to R, and we write H → ind R, if there is a mapping f :
which maps edges of H to edges of R, and every nonadjacent pair of distinct vertices of H gets mapped to a nonadjacent pair in R. We write H → ind R if H → ind R does not hold. Let P = P 1 ∪ . . . ∪ P r be a vertex partition of a semi-algebraic graph G. A key observation is that if we round G by the partition P and the graph R with loops to obtain a graph G on the same vertex set as G by adding edges to make P i , P j complete if (i, j) is an edge of R, and deleting edges to make P i , P j empty if (i, j) is not an edge of R and we have that H → ind R, then G does not contain H as an induced subgraph.
Let P be a hereditary graph property, and H be the family of minimal (induced) forbidden graphs for P. That is, each H ∈ H satisfies H ∈ P, but every proper induced subgraph H of H satisfies H ∈ P. For a nonnegative integer r, let H r be the family of graphs R on at most r vertices for which there is at least one H ∈ H such that H → ind R. As long as H r is nonempty, define
If H r is empty, then we define Ψ 2 (H, r) = 1. Note that Ψ 2 (H, r) is a monotonically increasing function of r.
We now state our main result for testing hereditary properties of graphs within semi-algebraic graphs. It implies that, if Ψ 2 (H, r) is at most polynomial in r, then P can be easily tested within the semi-algebraic graphs of constant description complexity, i.e., there is an -tester with vertex query complexity −O (1) . A simple example in which Ψ 2 (H, r) is constant is the case that the property P is the family of graphs which are induced H-free for some fixed graph H. Theorem 5.2. Let P be a hereditary property of graphs, and H be the family of minimal forbidden graphs for P. Within the family A of semi-algebraic graphs in d-space with description complexity (t, D), the property P can be -tested with vertex query complexity at most (rΨ 2 (H, r)) C , where r = (1/ ) C with C = C(d, t, D).
We show how this theorem follows from applying the following "strong regularity lemma" for semi-algebraic graphs.
Theorem 5.3. For any 0 < α, < 1/2, any semi-algebraic graph H = (P, E) in d-space with complexity (t, D) has an equitable vertex partition P = P 1 ∪ · · · ∪ P r with r ≤ (1/ ) c with c = c (d, t, D) such that all but an -fraction of the pairs P i , P j are homogeneous. Furthermore, there are subsets Q i ⊂ P i such that each pair Q i , Q j with i = j is complete or empty, and each Q i has density at most α or at least 1 − α. Consider the tester which samples v vertices from a graph A = (P, E) ∈ A. It accepts if the induced subgraph on these v vertices has property P and rejects otherwise. It suffices to show that if A ∈ A is -far from satisfying P, then with probability at least 2/3, the tester will reject.
Consider an equitable partition P = P 1 ∪ . . . ∪ P r with r ≤ r = (1/ ) c of the vertex set of A guaranteed by Theorem 5.3 such that all but at most an -fraction of the pairs of parts are homogeneous, and, with α = 1/(10rs 2 ), subsets Q i ⊂ P i such that each pair Q i , Q j with i = j is complete or empty, and each Q i has density at most α or at least 1 − α, with |Q i | ≥ δ|P | with δ = (α ) −c . with c = c(d, t, D). Let R be the graph on [r ] with loops where (i, j) is an edge of R if and only if Q i , Q j is complete to each other. Round A by R to obtain another graph A . That is, A has the same vertex set as A, and we delete the edges between P i and P j if (i, j) is not an edge of R and add all possible edges between P i and P j if (i, j) is an edge of R. The resulting graph A is homogeneous between each pairs of parts and at most an -fraction of the pairs of vertices were added or deleted as edges from A to obtain A .
If R ∈ H r , then every graph which has a homomorphism to R is in P and hence A ∈ P. However, at most an -fraction of the pairs were added or deleted from A to obtain A , and so A is not -far from satisfying P, contradicting the assumption. Hence, R ∈ H r , and there is a graph H ∈ H on at most s = Ψ 2 (H, r) vertices with H → ind R. Consider such an induced homomorphism f : V (H) → V (R), and let a i = |f −1 (i)|. If the sampled v vertices contains at least a i vertices in Q i for each i, and these a i vertices form a clique if (i, i) is a loop in R and otherwise these a i vertices form an independent set, then H is an induced subgraph of the sampled vertices and hence the subgraph induced by the sampled vertices does not have property P.
We first estimate the probability of the event that the sampled v vertices contains a i vertices in Q i for each i. For a particular i, the probability that the sampled v vertices contains fewer than a = a i vertices in Q i is 0 if a = 0 and is otherwise
where we used that a < s and v can be chosen so that v > 10(s/δ) 2 . Taking the union bound and summing over all i, the probability that the sampled v vertices does not contain a i vertices in Q i for some i is at most s × 1/(8s) = 1/8. We now condition on the event that we have at least a i vertices chosen from Q i . The probability that these a i vertices form a clique if (i, i) is a loop and an independent set if (i, i) is not a loop is at most a i 2 α. Summing over each i, the probability that, for each i, the a i vertices in Q i forms a clique if (i, i) is a loop and an independent set if (i, i) is not a loop, is at least
Hence, with probability at least 3/4, the induced subgraph on the sampled s vertices has the desired properties, which completes the proof. Our goal for the rest of the subsection is to prove Theorem 5.3. We first prove a Ramsey-type lemma which follows from the regularity lemma which says that semi-algebraic graphs contain large balanced t-partite subgraphs which are complete or empty. Proof. For h = 1 the result is trivial by taking A 1 = P so we may assume h ≥ 2. It is shown in [3] that every induced subgraph of G on h C vertices contains a clique or independent set of order h. Applying Theorem 1.3 with = 1 2h C , we obtain an equitable partition with −O(1) parts such that all but at most a 1 2h C -fraction of the pairs of parts are homogeneous. Applying Turán's theorem, we obtain h C parts which are pairwise homogeneous. Picking one vertex from each of these parts, we can obtain an induced subgraph with h vertices which is complete or empty. The parts these vertices come from (after possibly deleting a vertex from some parts to guarantee they have the same size) have the desired properties.
We get the following strengthening of our quantitative semi-algebraic regularity lemma via three applications of Theorem 1.3. Proof of Theorem 5.3: We will apply Theorem 1.3 three times. We first apply Theorem 1.3 to get the partition P = P 1 ∪ · · · ∪ P K with K = −O(1) with the implied constant depending on d, t, D such that all but an -fraction of the pairs P i , P j are homogeneous. We apply Theorem 1.3 again (or rather its proof) to get a refinement with approximation parameter = Ω(1/K 4 ), so that all but an -fraction of the pairs of parts are homogeneous. Thus, a random choice of parts W 1 , . . . , W K of parts of this refinement with W i ⊂ P i has with positive probability the property that W i , W j is homogeneous for i = j. From Lemma 5.4 applied to the subgraph induced by W i for each i with h = 2/α, we obtain subsets Q i ⊂ W i such that each Q i is a complete or empty balanced h-partite graph, so that the density in Q i is at most α or at least 1 − α. This completes the proof.
Testing hereditary properties of hypergraphs
We next state and prove the hereditary property testing result within semi-hypergraphs.
Let R be a k-uniform hypergraph with vertex set [r ], and B be a blow-up of R with vertex sets
is an edge if and only if (i 1 , . . . , i k ) form an edge of R. An extension of B (with respect to V 1 , . . . , V r ) is any hypergraph on V 1 ∪ . . . ∪ V r which agrees with B on the k-tuples with vertices in distinct V i .
For a hypergraph H, we say that R is extendable H-free if each blow-up of R has an extension which contains no induced copy of H. For a family H of hypergraphs, we say that R is extendable H-free if each blow-up of R has an extension which contains no induced H ∈ H.
For a hypergraph property P we say that R strongly has property P if every blow-up of R has an extension which has property P. Otherwise, there is a least s = s(P, R) and vertex sets V 1 , . . . , V r with r ≤ r and s(P, R) = |V 1 | + · · · + |V r | such that no extension of the blow-up B of R with vertex sets V 1 , . . . , V r has property P.
Define Ψ 3 (P, r) to be the maximum of s(P, R) over all R with at most r vertices which does not strongly have property P.
Our next theorem gives a hereditary property testing result for semi-algebraic hypergraphs. It implies that, if Ψ 3 (H, r) is at most polynomial in r, then P can be easily tested within the semialgebraic hypergraphs of constant description complexity, i.e., there is an -tester with vertex query complexity −O(1) . A simple example in which Ψ 3 (H, r) is constant is the case that the property P is the family of hypergraphs which are induced H-free for some fixed hypergraph H. Theorem 5.5. Let P be a hereditary property of hypergraphs. Within the family A of semi-algebraic k-uniform hypergraphs in d-space with description complexity (t, D), the property P can be -tested with vertex query complexity at most r C Ψ 3 (H, r) 2 , where r = (1/ ) C with C = C(d, t, D).
We will need the following polynomial strong regularity lemma for semi-algebraic hypergraphs.
Lemma 5.6. For any 0 < α, < 1/2, any semi-algebraic k-uniform hypergraph H = (P, E) in d-space with complexity (t, D) has an equitable vertex partition P = P 1 ∪ · · · ∪ P r such that all but an -fraction of the k-tuples of distinct parts are homogeneous. Furthermore, there are subsets Q i ⊂ P i for each i such that each k-tuple of distinct parts is homogeneous and |Q i | ≥ δ|P | with δ = −c with c = c(k, d, t, D).
Proof. The proof follows the graph case as in Theorem 5.3 and involves two applications of Theorem 1.3. We first apply Theorem 1.3 to get the partition P = P 1 ∪ · · · ∪ P K with K = −O(1) with the implied constant depending on k, d, t, D such that all but an -fraction of the pairs P i , P j are homogeneous. We apply Theorem 1.3 again (or rather its proof) to get a refinement with approximation parameter = Ω(1/K 4 ), so that all but an -fraction of the pairs of parts are homogeneous. Thus, a random choice of parts Q 1 , . . . , Q K of parts of this refinement with Q i ⊂ P i has with positive probability the property that each k-tuple Q i 1 , . . . , Q i k of distinct parts is homogeneous. This completes the proof.
Proof of Theorem 5.5: Let s = Ψ 3 (P, r) and v = (rs) C for an appropriate constant C = C (k, d, t, D) . Consider the tester which samples v vertices from a graph A = (P, E) ∈ A. It accepts if the induced subgraph on these v vertices has property P and rejects otherwise. It suffices to show that if A ∈ A is -far from satisfying P, then with probability at least 2/3, the tester will reject.
Consider an equitable partition P = P 1 ∪ . . . ∪ P r of the vertex set of A guaranteed by Theorem 5.6 such that all but at most an -fraction of the pairs of parts are homogeneous, and subsets Q i ⊂ P i such that each k-tuple of distinct Q i is homogeneous, and with |Q i | ≥ δ|P | for each i with δ = −c . with c = c(k, d, t, D). Let R be the k-uniform hypergraph on [r ] where a k-tuple (i 1 , . . . , i k ) of distinct vertices forms an edge if and only if Q i 1 , . . . , Q i k is complete. If R strongly has property P, then A is -close to a hypergraph which has property P, and hence the algorithm accepts in this case. So we may assume that R does not strongly have property P and thus there are sets V 1 , . . . , V r with |V 1 | + · · · + |V r | = s(P, R) ≤ Ψ 3 (P, r) = s such that every extension of the blow-up of R with parts V 1 , . . . , V r does not have property P. Thus, if among the v sample vertices, we get, for each i, at least |V i | vertices in Q i , then the induced subgraph on the sampled vertices does not have property P and the algorithm rejects. Thus, it suffices to show that with probability at least 2/3, we get at least |V i | vertices in each Q i . However, this is the computation we already did in the proof of Theorem 5.2. It suffices, for example, that v > 10(s/δ) 2 , and we can take v to satisfy this.
